
Homework 2

CS 4390/5390
Fall 2019

Due: 2 October 2019

This homework is worth 5 points out of the total 25 points of homework in the class.

1. (1 Point, 1/4 point each) Provide the edit distance, optimal global alignment, optimal local alignment, and the
optimal global alignment with affine gaps costs of the two sequence TTACTGTGTTT and CACCCCTGTG. Also provide the
needed matrices for the underlying algorithms. Use the following parameters:

Global & Local Alignment Affine Gap

δ(x, y) for x ≠ y -1 δ(x, y) for x ≠ y -1
δ(x,x) 5 δ(x,x) 5
δ(x,-) & δ(-, y) -0.5 α 2

β 0.5

Edit Distance: 7

T T A C T G T G T T T

0 1 2 3 4 5 6 7 8 9 10 11

C 1 1 2 2 3 4 5 6 7 8 9 10

A 2 2 2 2 3 4 5 6 7 8 9 10

C 3 3 3 3 2 3 4 5 6 7 8 9

C 4 4 4 4 3 3 4 5 6 7 8 9

C 5 5 5 5 4 4 4 5 6 7 8 9

C 6 6 6 6 5 5 5 5 6 7 8 9

T 7 6 6 7 6 5 6 5 6 6 7 8

G 8 7 7 7 7 6 5 6 5 6 6 7

T 9 8 7 8 8 7 7 5 6 5 6 6

G 10 10 9 8 9 8 7 6 5 6 6 7

Global Alignment: 25.5
TT-AC---TGCGTTT

--CACCCCTGTG---

T T A C T G T G T T T

0 ←-0.5 ←-1 ←-1.5 ←-2 ←-2.5 ←-3 ←-3.5 ←-4 ←-4.5 ←-5 ←-5.5

C ↑-0.5 ↖←↑-1 ↖←↑-1.5 ↖←↑-2 ↖3.5 ←3 ←2.5 ←2 ←1.5 ←1 ←0.5 ←0

A ↑-1 ↖←↑-1.5 ↖←↑-2 ↖3.5 ←↑3 ↖←↑2.5 ↖←↑2 ↖←↑1.5 ↖←↑1 ↖←↑0.5 ↖←↑0 ↖←↑-0.5

C ↑-1.5 ↖←↑-2 ↖←↑-2.5 ↑3 ↖8.5 ←8 ←7.5 ←7 ←6.5 ←6 ←5.5 ←5

C ↑-2 ↖←↑-2.5 ↖←↑-3 ↑2.5 ↖↑8 ↖←↑7.5 ↖←↑7 ↖←↑6.5 ↖←↑6 ↖←↑5.5 ↖←↑5 ↖←↑4.5

C ↑-2.5 ↖←↑-3 ↖←↑-3.5 ↑2 ↖↑7.5 ↖←↑7 ↖←↑6.5 ↖←↑6 ↖←↑5.5 ↖←↑5 ↖←↑4.5 ↖←↑4

C ↑-3 ↖←↑-3.5 ↖←↑-4 ↑1.5 ↖↑7 ↖←↑6.5 ↖←↑6 ↖←↑5.5 ↖←↑5 ↖←↑4.5 ↖←↑4 ↖←↑3.5

T ↑-3.5 ↖2 ↖←1.5 ←↑1 ↑6.5 ↖12 ←11.5 ↖←11 ←10.5 ↖←10 ↖←9.5 ↖←9

G ↑-4 ↑1.5 ↖←↑1 ↖←↑0.5 ↑6 ↑11.5 ↖17 ←16.5 ↖←16 ←15.5 ←15 ←14.5

T ↑-4.5 ↖↑1 ↖6.5 ←6 ←↑5.5 ↖↑11 ↑16.5 ↖22 ←21.5 ↖←21 ←20.5 ←20

G ↑-5 ↑0.5 ↑6 ↖←↑5.5 ↖←↑5 ↑10.5 ↖↑16 ↑21.5 ↖27 ←26.5 ←26 ←25.5

Local Alignment: 28.5
AC---TGCG

ACCCCTGTG
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T T A C T G T G T T T

0 0 0 0 0 0 0 0 0 0 0 0

C 0 0 0 0 ↖5 ←4.5 ←4 ←3.5 ←3 ←2.5 ←2 ←1.5

A 0 0 0 ↖5 ←↑4.5 ↖←↑4 ↖←↑3.5 ↖←↑3 ↖←↑2.5 ↖←↑2 ↖←↑1.5 ↖←↑1

C 0 0 0 ↑4.5 ↖10 ←9.5 ←9 ←8.5 ←8 ←7.5 ←7 ←6.5

C 0 0 0 ↑4 ↖↑9.5 ↖←↑9 ↖←↑8.5 ↖←↑8 ↖←↑7.5 ↖←↑7 ↖←↑6.5 ↖←↑6

C 0 0 0 ↑3.5 ↖↑9 ↖←↑8.5 ↖←↑8 ↖←↑7.5 ↖←↑7 ↖←↑6.5 ↖←↑6 ↖←↑5.5

C 0 0 0 ↑3 ↖↑8.5 ↖←↑8 ↖←↑7.5 ↖←↑7 ↖←↑6.5 ↖←↑6 ↖←↑5.5 ↖←↑5

T 0 ↖5 ↖5 ←4.5 ↑7.5 ↖13.5 ←13 ↖←12.5 ←12 ↖←11.5 ↖←11 ↖←10.5

G 0 ↑4.5 ↑4.5 ↖←↑4 ↑7 ↑13 ↖18.5 ←18 ↖←17.5 ←17 ←16.5 ←16

T 0 ↖5 ↖9.5 ←9 ←8.5 ↑12.5 ↑18 ↖23.5 ←23 ↖←22.5 ←22 ←21.5

G 0 ↑4.5 ↑9 ↖←↑8.5 ↖←↑8 ↑12 ↖↑17.5 ↑23 ↖28.5 ←28 ←27.5 ←27

Affine Gap Alignment: 19.5
TTAC---TGCGTTT

C-ACCCCTGTG---

T T A C T G T G T T T

−∞ −∞ −∞ −∞ −∞ −∞ −∞ −∞ −∞ −∞ −∞ −∞

C ↰-2.5 ↰-5 ↰-5.5 ↰-6 ↰-6.5 ↰-7 ↰-7.5 ↰-8 ↰-8.5 ↰-9 ↰-9.5 ↰-10

A ↑-3 ↰-3.5 ↑ ↰-6 ↑ ↰-6.5 ↰-1 ↰-3.5 ↰-4 ↰-4.5 ↰-5 ↰-5.5 ↰-6 ↰-6.5

C ↑-3.5 ↑-4 ↰-4.5 ↰-1 ↑-1.5 ↰-3 ↑ ↰-4.5 ↑ ↰-5 ↑ ↰-5.5 ↑ ↰-6 ↑ ↰-6.5 ↑ ↰-7

C ↑-4 ↑-4.5 ↑-5 ↑-1.5 ↰4 ↰1.5 ↰1 ↰0.5 ↰0 ↰-0.5 ↰-1 ↰-1.5

C ↑-4.5 ↑-5 ↑-5.5 ↑-2 ↑3.5 ↰3 ↑ ↰0.5 ↑ ↰0 ↑ ↰-0.5 ↑ ↰-1 ↑ ↰-1.5 ↑ ↰-2

C ↑-5 ↑-5.5 ↑-6 ↑-2.5 ↑3 ↑2.5 ↰2 ↑ ↰-0.5 ↑ ↰-1 ↑ ↰-1.5 ↑ ↰-2 ↑ ↰-2.5

T ↑-5.5 ↑-6 ↑-6.5 ↑-3 ↑2.5 ↑2 ↑1.5 ↰1 ↑ ↰-1.5 ↑ ↰-2 ↑ ↰-2.5 ↑ ↰-3

G ↑-6 ↰-2.5 ↰-3 ↑-3.5 ↑2 ↰5.5 ↰3 ↰4.5 ↰2 ↰3.5 ↰3 ↰2.5

T ↑-6.5 ↑-3 ↑ ↰-3.5 ↑ ↰-4 ↑1.5 ↑5 ↰10.5 ↰8 ↰9.5 ↰7 ↰6.5 ↰6

G ↑-7 ↑ ↰-3.5 ↰0 ↰-2.5 ↑1 ↑ ↰4.5 ↑10 ↰15.5 ↰13 ↰14.5 ↰12 ↰11.5

T T A C T G T G T T T

0 ↰-2.5 ↰-3 ↰-3.5 ↰-4 ↰-4.5 ↰-5 ↰-5.5 ↰-6 ↰-6.5 ↰-7 ↰-7.5

C ↱-2.5 ↖-1 ↖ ↰-3.5 ↖ ↰-4 ↖1.5 ↰-1 ↰-1.5 ↰-2 ↰-2.5 ↰-3 ↰-3.5 ↰-4

A ↱-3 ↖ ↱-3.5 ↖-2 ↖1.5

↰
↱-1 ↖0.5 ↖ ↰-2 ↖ ↰-2.5 ↖ ↰-3 ↖ ↰-3.5 ↖ ↰-4 ↖ ↰-4.5

C ↱-3.5 ↖ ↱-4 ↖ ↱4.5 ↱-1 ↖6.5 ↰4 ↰3.5 ↰3 ↰2.5 ↰2 ↰1.5 ↰1

C ↱-4 ↖ ↱4.5 ↖ ↱-5 ↱-1.5 ↖ ↱4 ↖5.5 ↖ ↰3 ↖ ↰2.5 ↖ ↰2 ↖ ↰1.5 ↖ ↰1 ↖ ↰0.5

C ↱-4.5 ↖ ↱-5 ↖ ↱-5.5 ↱-2 ↖ ↱3.5 ↖ ↱3 ↖4.5 ↖ ↰2 ↖ ↰1.5 ↖ ↰1 ↖ ↰0.5 ↖ ↰0

C ↱-5 ↖ ↱-5.5 ↖ ↱-6 ↱-2.5 ↖ ↱3 ↖ ↱2.5 ↖ ↱2 ↖3.5 ↖ ↰1 ↖ ↰0.5 ↖ ↰0 ↖ ↰-0.5

T ↱-5.5 ↖0 ↖-0.5

↰
↱-3 ↱2.5 ↖8 ↰5.5 ↖7 ↰4.5 ↖6 ↖5.5 ↖5

G ↱-6 ↱-2.5 ↖-1 ↖-1.5 ↱2 ↱5.5 ↖13 ↰10.5 ↖12 ↰9.5 ↰9 ↰8.5

T ↱-6.5 ↖-1 ↖2.5 ↰0 ↱1.5 ↖7 ↱10.5 ↖18 ↰15.5 ↖17 ↖ ↰14.5 ↖ ↰14

G ↱-7 ↱-3.5 ↱0 ↖1.5 ↱1 ↱4.5 ↖12 ↱15.5 ↖23 ↰20.5 ↰20 ↰19.5

T T A C T G T G T T T

−∞ ↱-2.5 ←-3 ←-3.5 ←-4 ←-4.5 ←-5 ←-5.5 ←-6 ←-6.5 ←-7 ←-7.5

C −∞ ↱-5 ↱-3.5 ←-4 ←-4.5 ↱-1 ←-1.5 ←-2 ←-2.5 ←-3 ←-3.5 ←-4

A −∞ ↱-5.5 ← ↱-6 ↱-4.5 ↱-1 ←-1.5 ← ↱-2 ←-2.5 ←-3 ←-3.5 ←-4 ←-4.5

C −∞ ↱-6 ← ↱-6.5 ← ↱-7 ↱-5.5 ↱4 ←3.5 ←3 ←2.5 ←2 ←1.5 ←1

C −∞ ↱-6.5 ← ↱-7 ← ↱-7.5 ↱-4 ↱1.5 ↱3 ←2.5 ←2 ←1.5 ←1 ←0.5

C −∞ ↱-7 ← ↱-7.5 ← ↱-8 ↱-4.5 ↱1 ← ↱0.5 ↱2 ←1.5 ←1 ←0.5 ←0

C −∞ ↱-7.5 ← ↱-8 ← ↱-8.5 ↱-5 ↱0.5 ← ↱0 ← ↱-0.5 ↱1 ←0.5 ←0 ←-0.5

T −∞ ↱-8 ↱-2.5 ← ↱-3 ←-3.5 ↱0 ↱5.5 ←5 ← ↱4.5 ←4 ← ↱3.5 ← ↱3

G −∞ ↱-8.5 ↱-5 ↱-3.5 ← ↱-4 ↱-0.5 ↱3 ↱10.5 ←10 ← ↱9.5 ←9 ←8.5

T −∞ ↱-9 ↱-3.5 ↱0 ←-0.5 ← ↱-1 ↱4.5 ↱8 ↱16 ←15 ← ↱14.5 ←14

G −∞ ↱-9.5 ↱-6 ↱-2.5 ↱-1 ← ↱-1.5 ↱2 ↱9.5 ↱13 ↱20.5 ←20 ←19.5

2. (2 points) Given two sequences S and T (not necessarily the same length), let G, L, and H be the scores of an
optimal global alignment, an optimal local alignment, and an optimal global alignment without counting the indels
at the beginning of S and the end of T , respectively.

(a) Give an example of S and T so that all 3 scores, G, L, and H, are different.

(b) Prove or disprove the statement L ≥H ≥ G.

part (a) Let A ∈ Σn be an arbitrary string of length n ≥ 1 over some alphabet, and let x, y, z,w ∉ Σ be 4 characters
not contained in A. Define S = {x}k ⋅A ⋅ {y}` and T = {z}` ⋅A ⋅ {w}k, where ⋅ is the concatination operator, {a}i is a
string consisting of the letter a repeated i times, and k > `.
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The best local alignment will align the substrings A in both S and T to each other, any extension would decrease the
score (assuming the indel and mismatch values would penalize those operations). The best semi-global alignment
would add 2` mismatches or indels (whichever provides a lower penalty) to the local alignment since the beginning
of T and the end of S must be aligned and those characters cannot be matches. The best global alignment would
have an additional 2(k − `) mismatches or 2k indels (again depending on the penalties).

part (b) Let f(A) be the alignment score for alignment A. And let G(A,B) be the optimal global alignment of
sequences A and B. In the local sequence alignment algorithm we are searching over the set of all substrings, so we
can actually restate that as searching for the best alignment out of the set

A` =∶ {G (S[i...j], T [k...`]) ∣ 1 ≤ i, j ≤ ∣S∣,1 ≤ k, ` ≤ ∣T ∣} ∪ {A∅},

where A∅ is the alignment of two empty strings. We can rewrite the definition of local alignment as: A` =∶
argmaxA∈A`

{f (A)}.

Similarly, the set of alignments being considered by semi-global alignment (as defined in the problem) is

As =∶ {G (S [i... ∣S∣] , T [1...`]) ∣ 1 ≤ i ≤ ∣S∣,1 ≤ ` ≤ ∣T ∣} ∪ {A∅}

and the semi-global alignment problem reduces to As =∶ argmaxA∈As
{f (A)}. Finally let the global alignment be

Ag =∶ G(S,T ) and thus the set considered by the problem contains only one element Ag =∶ {Ag}.

As defined Ag ⊂ As ⊂ A`. We know that f(Ag) ≤ f(As) since Ag ∈ As, and f(As) ≥ f(A′) for all A′ ∈ As. The same
argument applies to the other cases.

3. (2 Points) Given two strings S[1...n] and T [1...m], we would like to find the two non-overlapping alignments
(S[i1...i2], T [j1...j2]) and (S[i3...i4], T [j3...j4]) such that i2 < i3 and j2 < j3 and the total alignment score is maxi-
mized in running time O(mn). Hints: remember that the local alignment between two sequences is the alignment of
a pair of substrings from S and T such that the alignment score is maximized, and that the question does not say
anything about the relationship between i1 and i2 nor i3 and i4 that if i3 > i4, S[i3...i4] is the empty string.

Algorithm

(a) using the recurrence for local alignment, create the matrix V , and a maximum value array M , where

M(i, j) =∶ max

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

M(i − 1, j − 1)
M(i − 1, j)
M(i, j − 1)
V (i, j)

.

The M array keeps track of the maximum value local alignment between S[1...i] and T [1...j].
(b) using the same procedure as Step 3a create V ′ and M ′ for the reverse of S and T .

(c) perform a linear scan to find
argmax

(i,j)∶1≤i≤n,1≤j≤m
{M(i, j) +M ′(i + 1, j + 1)}

(d) let (i2, j2) be the index in V [1...i][1...j] =M(i, j) (assuming M(i, j) ≠ 0, if it is 0, set (i2, j2) = (1,1))
(e) perform a traceback in V to find (i1, j1). (if V (i2, j2) == 0 set (i1, j1) = (0,0) to signify the empty strings.)

(f) let (i3, j3) be the index in V ′[i + 1...n][j + 1....n] =M ′(i + 1, j + 1) (assuming M ′(i + 1, j + 1) ≠ 0, if it is 0, set
(i3, j3) = (n,m)).

(g) perform a traceback in V ′ to find (i4, j4). (if V (i3, j3) == 0 set (i4, j4) = (n − 1,m − 1) to signify the empty
strings.)

The linear scan in Step 3c finds the boundary between the regions where the two maximal sets of substrings exist.
Keeping the M array keeps us from having to do a quadratic time scan for each possible partition of the local
alignment space. We can then find the maximal substrings in each of the regions using the techniques we already
know. It is possible for one of the two substrings to be empty, in this case either M(i, j) = 0 or M ′(i + 1, j + 1) = 0,
in that case the whole maximal set of substrings would be in one partition, and nothing positive would be in the
other.

Filling in V,M,V ′, and M ′ in Steps 3a & 3b takes O(mn)-time each. The linear scan in Step 3c takes O(mn)-time.
The two linear scans in Steps 3d & 3f take a total maximum of O(mn)-time. Finally, the tracebacks in Steps 3e
& 3g take a total maximum time of O(mn)-time. This means there is a constant number of O(mn)-time steps.
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